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ABSTRACT. A fixed actuator interface can preserve safety by pruning viable branches
yet fail to reproduce the target branch set exactly. We study the minimum number of
predeclared actions used by a freely designed memoryless state command on a target-closed
finite domain. For total deterministic global event-disable masks with viable uncontrollable
transitions, exactness requires disabling every hazardous controllable event while retaining
an enabled event in each viable successor fiber. Successor-injective effects collapse exact
supports to disjoint hazard-set classes and make exact minimization polynomial, whereas
safe supports remain overlapping containment sets and safe minimization is NP-hard.
Duplicate effects can realize any finite set system simultaneously as the safe- and exact-
support system. Pointwise nested interfaces instead yield exact-action intervals and a
polynomial interval-transversal problem. Both restricted families attain the maximal
separation among instances with finite gexact: gsafe = 1 and gexace = |K|. A fixed-interface
factorization connects ideal history-dependent pruning to these finite equality-support
covers. One motivating instance is tool gating for autonomous agents, whose permission
profiles are global event-disable masks of exactly this kind.

1. INTRODUCTION

A nondeterministic process exposes a set of possible futures rather than a single future.
A restrictive runtime mediator can make a safety condition hold by discarding enough
futures, possibly retaining only one conservative branch. The stronger requirement studied
here is exact branch-set preservation: the mediated state-run set must equal the target
state-run set, so every target-extendible successor is retained and every other successor is
rejected. The equality is over unlabelled state runs: distinct events with the same successor
are intentionally identified, so the objective is neither event-labelled trace equality nor
bisimulation. It is more demanding than safety-only pruning and distinct from trace-level
notions of transparency used in runtime enforcement and shielding (Schneider, 2000; Ligatti
et al., 2005; Bloem et al., 2015; Hsu et al., 2024).
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Equality-Support Covers for Exact Branch-Set Preservation under Fixed Actuator Interfaces

The central question is whether a fixed actuator library can reproduce the ideal target
filter, and how many library actions are needed when one may freely design a memoryless
state-to-action map. A representative setting is a platform exposing a fixed catalogue of
global firmware interlock modes. Each mode disables the same named commands wherever
they occur, while uncontrollable transitions remain available. The controller may select
different modes at different states but cannot synthesize a new mode by combining state-
specific disable decisions. The selected-action count can then represent the number of modes
that a deployment must enable and certify.

A second instance arises in tool gating for Al agents. An agent’s controllable events are
its tool invocations; environment responses are uncontrollable. A platform typically ships a
fixed catalogue of permission profiles, each disabling the same named tools wherever the
agent’s task stands, rather than synthesizing a per-state policy. Such a profile is a global
event-disable mask in the sense of Section 5.2, and the cover numbers price how many profiles
a deployment must maintain to run safely versus to preserve exactly the intended task
behaviours. All cover numbers remain relative to the declared library and implementation
domain; they do not measure sensing, state estimation, computation, communication, or
physical actuator design.

The main contribution is to identify how restricted actuator interfaces shape the resulting
support system. For total deterministic global event-disable masks, let Hp(x) be the
controllable events that leave the viability kernel at state z, and let ®,(y) be the events with
successor y. Theorem 5.16 characterizes exactness by Hp(z) C B together with survival
of at least one enabled event in every viable effect fiber. Under successor-injective effects,
Corollary 5.18 reduces this condition to B = Hp(x), so exact supports are disjoint hazard
classes and the feasible optimum is the number of distinct represented classes.

Successor-injective effects do not similarly simplify safety. Safe supports retain the
containment form Hp(x) C B, and Proposition 5.20 realizes arbitrary Set Cover instances,
up to padding states common to every support. Thus exact minimization is polynomial in this
mask regime, whereas the safe threshold problem remains NP-complete. Theorem 5.19 gives
the complementary noninjective result: duplicate effects permit any finite set system to be
realized simultaneously as the safe- and exact-support system in a restricted self-loop-or-sink
construction; the corresponding hardness results then follow by Set Cover.

Once supports are formed, minimum repertoire selection is ordinary Set Cover; the
structural results identify when restricted interfaces force intervals or disjoint classes and
when duplicate effects retain arbitrary geometry. Pointwise nested interfaces yield exact-
action intervals and reduce exact minimization to the classical interval-transversal problem
(Theorem 5.14), while nested and successor-injective mask families attain the maximal
separation among instances with finite ggxact (Theorem 5.25). The fixed-interface factorization
connects the ideal filter to these support covers. The objective differs from state-partition-
based supervisory control on the original plant state space (Butez et al., 2014), from
supervisor reduction and control covers (Vaz and Wonham, 1986; Su and Wonham, 2004,
2018), and from invariant-cover cardinality: here Ep is fixed first, each action is a predeclared
global postset map, and the objective counts distinct maps selected on plant states rather
than supervisor states or observation cells.

The paper is organized as follows. Sections 2—4 give the ideal pruning baseline and
fixed-interface factorization criterion. Section 5 introduces finite viability and support covers,
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and its subsections establish the structured interface results, the event-effect classification,
and the comparison theorems. Section 6 positions the contribution and states the model
limits, and Section 7 concludes.

2. RUNS AND EXTENSIONAL SPECIFICATIONS

Let P = (X,T) be a serial transition system, with X discrete and T C X x X. Fix
zo € X and write

Q = Runsp(zg) = {7 € X¥ : 10 = x0, (1¢,7t+1) € T Vt}.

Let Histp(xg) be the finite plant paths from zg. For h = ¢ - - - ,, € Histp(xg), let last(h) =
Zn, let Post(h) = {z : (z,,x) € T}, and let [h]q be the relative cylinder of runs extending h.

These cylinders generate the relative prefix topology on 2. An extensional specification is a
set A C Q.

3. THE IDEAL EXACT-REALIZATION BASELINE

Definition 3.1 (Nonblocking successor-pruning enforcer). A nonblocking successor-pruning
enforcer is a total map assigning a nonempty set g(h) C Post(h) to every h € Histp(zg).
Write Runs(P, g) for the infinite runs that always use retained successors.

For A C Q, write Pref(A) for its finite prefixes and define the ideal target filter
Fa(h) = {x € Post(h) : hz € Pref(A)}, h € Pref(A). (1)

The following standard facts isolate the semantic target later factored through a fixed
interface. Safety properties are precisely the closed sets in the relative prefix topology
(Alpern and Schneider, 1985, 1987).

Lemma 3.2 (Exactness determines the local filter). If Runs(P, g) = A, then g(h) = Fa(h)
for every h € Pref(A).

Proof. Every target prefix is reachable under g: if h € Pref(A), some run in A = Runs(P, g)
extends h, so h is a controlled path. A target-extendible successor must therefore be retained.
If a retained successor were not target extendible, totality and nonempty retained postsets
would provide an infinite controlled continuation outside A. O

Proposition 3.3 (Closed-target realization under ideal pruning). A set A C € is the exact
outcome set of a nonblocking successor-pruning enforcer if and only if A is nonempty and
closed in the relative prefix topology.

Proof. For nonempty closed A, retain F'4(h) on Pref(A) and choose any nonempty postset
elsewhere. The outcomes are the infinite branches through Pref(A), namely A. Conversely,
the complement of any enforcer outcome set is a union of cylinders rooted at rejected steps,
hence open; nonblockingness gives a nonempty outcome. ]

This baseline assumes that every nonempty successor subset is an available intervention.
The remaining sections replace that assumption by a declared finite action alphabet.
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4. FACTORING EXACT ENFORCEMENT THROUGH A FIXED ACTION INTERFACE

Let A C Q) be nonempty and closed.

Definition 4.1 (Finite-alphabet history interface). A finite-alphabet history interface
consists of a nonempty finite action set U and nonempty postsets

& # Post, (h) C Post(h)

for every h € Histp(xp) and u € U. A finite summary is a total map 7 : Histp(z9) — Z to a
nonempty finite set Z, and a selector is a map p : Z — U. They induce the total enforcer

gn,u(h) = Posty, iy (h).

Finiteness of U and Z alone does not imply that the history maps are computable or
finite-state; the definition is extensional.

For h € Pref(A) define
Ui (h) ={u € U : Post,(h) = Fa(h)}, U%(h) = {u € U : Posty(h) C Fa(h)}.

Theorem 4.2 (Fixed-interface exactness criterion). Let A and the finite-alphabet history
interface be as above.

(i) (n,u) realizes A exactly if and only if
Post,,(n(ny) (h) = Fa(h) (h € Pref(A)). (H=)
(ii) For a fized summary n, an exact selector exists if and only if

N Us(h)#@ (2 € n(Pref(4))). (F=)
hen=1(z)NPref(A)
113) If Post, i,y (h) C Fa(h) on every target prefix, then the induced outcome set is a
w(n(h))
nonempty subset of A. Conversely, if the induced outcome set is A’ C A, the same
inclusion holds at every h € Pref(A’).

Proof. Part (i) follows from Lemma 3.2: equality is necessary and makes the controlled and
target prefix trees identical. Part (ii) is exactly the condition that one action serve every
target history in each summary fiber. For (iii), local inclusion keeps every controlled prefix
in Pref(A), whose branch set is A because A is closed. Conversely, if a retained successor at
h € Pref(A’) lay outside F4(h), then by the definition of F4 that step admits no extension
within A; totality and nonblockingness supply an infinite controlled continuation of it, which
is an outcome outside A, contradicting A’ C A. O

Only the values of 1 on target prefixes are constrained by exactness; its off-target values
make the controlled-run semantics total. The theorem separates nonclosedness of the target,
lack of a locally exact action, and incompatibility created by a summary fiber. Direct state
commands introduce a fourth check.

Definition 4.3 (State locality). The target A is state local when last(h) = last(h’) implies
Fa(h) = Fa(K) for all h,h' € Pref(A). An interface is direct state based when Post,(h)
depends only on u and last(h).

Proposition 4.4 (State-locality obstruction). Suppose the interface is direct state based,
a: X — Z, and n(h) = a(last(h)). If A is not state local, no selector through o realizes A
exactly.
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Proof. Two target histories ending in the same state receive the same action and hence the
same selected postset, which cannot equal two distinct ideal filters. O

Theorem 4.2 is a factorization statement rather than a synthesis algorithm. The target
determines F4, the interface determines which local filters are available, and the summary
determines which histories share one action. For the finite state-safety target below, the
ideal filter is state local and equals Ep(z) at state z. Under a direct state-based interface,
exact realization on a target-closed domain therefore reduces to selecting at each state an
action with postset Ep(z); Section 5 minimizes the number of distinct selected actions, not
the size of a prescribed observation alphabet.

5. FINITE STATE-SAFETY TARGETS AND SUPPORT COVERS

Assume now that X is finite. A direct restrictive interface is Z = (U, (Posty)yer), where
U is finite and nonempty and

& # Posty,(z) C Post(x) (x € X,uel,).
Let D C X be a nonempty safety set. Its viability kernel is

Qp =vWA{x € D : Post(x) N W # @} (2)
Assume Qp # @, abbreviate it by @, and define
Ep(z) = Post(z) N Q (x € Q). (3)

Proposition 5.1 (Viability facts). @ is the greatest subset of D with a successor in itself
at every state. Moreover, an infinite D-valued run exists from x exactly when x € Q, and
every such run remains in Q.

Proof. This is the greatest-fixed-point characterization on the finite powerset lattice. Re-
peated successor choice gives the forward implication; the states on any D-valued run form
a post-fixed set for the converse. O

Definition 5.2 (Implementation domain). A nonempty set K C @ is target closed when
Ep(z) C K for every z € K.

For @ # S C @, let Reachp(S) be the states reachable from S by finite Ep-paths.

Lemma 5.3 (Reachability characterization). Reachp(S) is the least target-closed subset of
Q containing S.

Proof. Closure follows by appending one viable step; induction on path length gives mini-
mality. O

Definition 5.4 (Safe and exact state commands). A state command is a totalmap ¢ : X — U
and induces the postset Post.(z) = Post,(,)(z). For x € X, write Runsp(z) for the infinite
plant runs from z and Runs(P, ¢, x) for those satisfying 7,11 € Post.(7;) at every step. The
command is safe on K when

Post.(z) C @ (z € K),

and exact on K when
Post.(x) = Ep(z) (x € K).
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Its repertoire on K is ¢(K). Because K is nonempty, any assignment K — U extends to a
total command without changing its repertoire on K.

Throughout, “safe” denotes this invariant reading, Post.(x) C @ — containment in the
viability kernel — rather than the weaker one-step condition Post.(z) C D; Proposition 5.5
justifies the convention by showing that containment in ) is equivalent to every controlled
run from K remaining in D.

Proposition 5.5 (State-safety specialization). Let K C @ be target closed and let ¢ : X — U
be total. The command is safe on K if and only if

Runs(P, ¢,z) C D¥ (x € K).
It is exact on K if and only if
Runs(P, ¢,z) = {T € Runsp(x) : » € D for every t} (x € K).

Proof. If ¢ is safe, then Post.(x) C Ep(x) C K for « € K, so every controlled run remains
in D. If safety fails, some selected successor lies outside (). Because the command is total
and every action postset is nonempty, there is an infinite controlled continuation, and no
such continuation can remain in D.

If ¢ is exact, the controlled and viable path trees are identical. Conversely, a missing
successor in Ep(x) begins a viable plant run absent from Runs(P,c,z), while an added
successor outside Ep(z) begins a controlled run that cannot remain in D. O

Proposition 5.6 (Initial-domain exactness). Let @ # S C @, K = Reachp(S), and
c¢: X — U be total. Ezact run-set realization by ¢ from every state of S is equivalent to
exactness of ¢ on K.

Proof. Exactness on K gives the required run-set equality from S. Conversely, every x € K
occurs on a viable prefix from some s € S. Run-set equality from s makes that prefix
controlled, so x is reached under c; the local-filter argument of Lemma 3.2, applied at x,
then forces every retained successor to be viable and every viable successor to be retained,
that is, Post.(x) = Ep(z). O

For » € {Safe, Exact}, define
4+(D, K;7) = min{|c¢(K)| : ¢: X — U is % -admissible on K},

with value +0o0 when no such command exists. The choice of K is part of the instance.
Taking K = @ requires one command over the entire viability kernel; taking K = Reachp(.S)
restricts exactness to states occurring on target runs from S. The analogous safe cover on
that same K is a uniform comparator: a safety-only command from S may prune target
branches before some states of K become reachable. If K C K’ C Q are target closed,
restriction gives ¢.(D, K;7) < ¢,.(D, K'; 7).

Proposition 5.7 (Fixed observations). For a fized observation map o : K — 'Y and selector
w:Y = U, the induced assignment is x-admissible on K if and only if

py)e () Uzlz)  (y€o(K)),

z:0(x)=y



Equality-Support Covers for Exact Branch-Set Preservation under Fixed Actuator Interfaces

where U22%(x) = {u : Post,(z) C Q} and UP?(z) = {u : Post,(z) = Ep(z)}. Conse-

quently, a x-admissible selector through o exists if and only if

| Uil@)#2  (y<co(K)).
z:o(x)=y
Proof. The selector is admissible exactly when its chosen action is locally admissible at every
state in each observation fiber. The existence statement follows by choosing one action from
each nonempty intersection; values outside o(K) may be chosen arbitrarily. O

Definition 5.8 (Action supports). For u € U, define
KSaIfe ={z € K : Post,(z) C Q}, KEf‘f’Ct ={z € K : Post,(z) = Ep(z)}.

A set V CU with K C U,cy KEXIad is an equality-support cover; its minimum size, with
value +0o0 when none exists, is ¢exact(D, K; 7).

A selected family covers K exactly when each state can be assigned one selected admissible
action; the assignment extends to a total command without changing its repertoire on K.
Hence

¢.(D, K;T) =min{|V|: V CU, K C | Kiz}, (C)
ueV
with extended value +o0o. Thus ¢, is finite exactly when every state belongs to some
*-support; when finite, 1 < ¢, < |K].

Definition 5.9 (Horizon-one invariant cover). A horizon-one invariant cover of K is a finite
cover C of K by nonempty cells, together with G : C — U, such that Postg)(z) € K for
all z € C. Let ripy(K;Z) be the minimum number of cells, with value +00 when no such
cover exists.

Theorem 5.10 (Partition and invariant-cover equivalence). For every target-closed K C Q:
(7') q5afe(D7 sz) = Tinv(K;I);
(7i) q+(D, K;Z) is the minimum number of classes in a partition of K such that each class

admits one action that is x-admassible at all of its states, with value 400 when no such
partition exists.

Proof. A support cover induces a compatible partition by assigning each state to one selected
support; conversely, the actions attached to compatible partition classes form a support
cover, giving part (ii). On target-closed K, Post,(z) C @ is equivalent to Post,(z) C K.
Hence a cell C labelled by u is admissible exactly when @ # C' C KSaIfe A safe-support
cover therefore induces an invariant cover, while the action labels of any invariant cover form
a safe-support cover. Cells carrying the same action may be merged, so the two minimum
cardinalities are equal: 7iny (K;Z) = gsafe(D, K; ), proving part (i). O

Library enlargement cannot increase either cover number, and ¢, = 1 exactly when one
action has support K.

Definition 5.11 (Statewise patching closure). The interface is statewise patching closed on
K when, for every map f : K — U, some action uy € U satisfies Post,, (7) = Post ()
for every z € K.

Proposition 5.12 (Patching collapse). If Z is statewise patching closed on K, then finite
4+(D, K;I) implies q.(D, K;Z) = 1.
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Proof. Choose one locally admissible action at each state and patch those local postsets into
one global library action. O

Patching closure isolates why a nontrivial repertoire can arise: the declared library cannot
package independently chosen local postsets into one global action. Failure of patching
closure is necessary, though not sufficient, for a finite cover number to exceed one. To see
that it is not sufficient, let

X =D =K = {x1, 22}, Post(z1) = Post(z2) = K.

Then Q = K and Ep(z;) = K for i = 1,2, so K is target closed. Take the library {ug, u1,us}
with
‘ I X9

Post,, | K K

Posty, | {z1} K

Post,, | K {za2}
(where each entry is the selected postset at the column state). The action ug is exact at
both states, so gexact = gsafe = 1. However, the assignment x1 — uq, T2 — uo has postset

pair ({1}, {z2}), which no action in the library realizes. Hence the interface is not statewise
patching closed.

5.1. Pointwise nested interfaces.

Definition 5.13 (Pointwise nested interface). The interface is pointwise nested on K when
U ={u1,...,un} can be indexed so that

Posty, () C Posty, (z) C - -+ C Post,,, () (x € K).

Theorem 5.14 (Exact-action intervals under a nested interface). Suppose T is pointwise
nested on K.
(i) If gsate(D, K;I) < +o00, then gsafe(D, K;I) = 1.
(ii) For x € K, let
I ={j €{l,...,m} : Posty,(z) = Ep(z)}.
If I, # @, then it is an integer interval [€y,rz] N {1,...,m}, and

Post, (z) € Ep(x) (j < L),
POStuj (l‘) = ED(.%‘) (61‘ < ] < 7‘:(:)’ (N)
Posty; (z) 2 Ep(z) and Posty(v) £ Q (j > rz).

(i7i) If Gexact < +00, then gexact is the minimum number of indices meeting every interval I,.
It equals the mazimum number of pairwise disjoint intervals and is found by repeatedly
choosing the smallest right endpoint among the remaining intervals.

Proof. For (i), local safety at « for some u;, implies safety of u; there by nestedness. For
(ii), any index between two exact indices is exact. Indices below the first exact one are
strict safe under-approximations; an index above the last exact one adds a successor outside
@ because Ep(x) = Post(x) N Q. Parts (i)—(ii) give the interface-specific structure. Part
(iii) applies Gallai’s classical interval-transversal theorem, which Gallai did not publish and
which was first printed by Hajnal and Surdnyi: the smallest-right-endpoint greedy points
form a transversal, while the witness intervals chosen at successive iterations are pairwise
disjoint (Hajnal and Surdnyi, 1958). O



Equality-Support Covers for Exact Branch-Set Preservation under Fixed Actuator Interfaces

Once the intervals are formed, the right-endpoint algorithm runs in O(|K|log |K|) time.

5.2. Global event-disable masks and the event-effect boundary. Let ' =T, UT,,
be a finite event alphabet.

Definition 5.15 (Global event-disable mask interface). Suppose the plant has a total
deterministic event realization 0p : X x I' — X with

Post(z) = {dp(z,7y) : v € T'}.

Thus every event is available at every state; unavailable-event semantics are outside this
model. A mask is a set B C I'. with I'\ B # @. It disables the controllable events in B and
retains every event in I' \ B, including all uncontrollable events. Its postset is

Posty, (z) = {op(x,v) : v € '\ B}.
A nonempty finite library
@#BC{BCTI.:I'\B#g}

induces the interface Zp.

For x € K, define the controllable hazard set and event-effect fibers
Hp(z) ={y€Tc:0p(x,7) ¢ Q},  ®u(y) ={y €T :dp(z,7) =y}

Distinct events in one fiber are indistinguishable to the present exactness objective, which
compares state-successor sets rather than event-labelled traces.

Theorem 5.16 (Global-mask effect-fiber characterization). Let K C @ be target closed and
let I be a global mask interface. Suppose

Sp(e7)€Q  (2€ K €eDy). (UQ)
Then, for every x € K and B € B,

up 1s safe at * <= Hp(z) C B, (MCQ)

up is evact at x <= Hp(x) C B and ®,(y) \B# @ (Yy € Ep(x)). (MF=)

Proof. Under (UQ), only controllable events can leave @, so safety is equivalent to disabling
every hazardous controllable event. Under that condition the selected postset is contained
in Ep(z). The reverse inclusion holds exactly when each viable successor is still produced
by at least one enabled event, which is the fiber condition. O

If (UQ) fails at any implementation state, every mask retains a transition outside @, so
both cover numbers are +00. Equation (MC) also gives, without any injectivity assumption,

KS;‘}B ={zr € K : Hp(z) C B}, JSafe = 1 <= U Hp(z) C B for some B € B.
TeK

(MS)
When ', # &, the all-controllable-disable mask B = I is safe throughout K whenever it
belongs to the library.

Example 5.17 (Reading Hp and @, from a tool-gating description). Consider an agent
whose controllable tool events are I'. = {search, send, purge} and whose single uncontrollable
environment response is I',. = {reply}. States record task status, X = {draft,sent, L}, with
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safety set D = {draft,sent} and L an irrecoverable state (for instance, required context has
been destroyed). The event realization is

at draft: search — draft, send — sent, purge+— 1, reply — draft,
at sent: search — sent, send — sent, purge+— 1, reply — draft,

with every event self-looping at L. The uncontrollable reply keeps both task states viable, so
Q = {draft,sent} and Ep(x) = {draft,sent} at each x € ). The hazard sets and nonempty
effect fibers are read directly off the table:

Hp(draft) = Hp(sent) = {purge},
Dypafe(draft) = {search, reply}, Dyrafe(sent) = {send},
Dgent(sent) = {search, send}, Dgent(draft) = {reply},

since purge is the only controllable event leaving (). A permission profile is a mask B C I';;
the single profile B = {purge} satisfies Hp(z) C B and leaves every viable fiber inhabited,
so by (MF=) it is exact at both states and ggxact = 1: one profile that disables the lone
hazardous tool preserves the intended behaviour exactly. The duplicated effect — search
and reply both yield draft — is the noninjective phenomenon of Theorem 5.19; here it makes
search redundant for exactness at draft, since reply already realizes that successor.

Corollary 5.18 (Successor-injective effects: the exact hazard-set formula). Under the
hypotheses of Theorem 5.16, suppose in addition that vy — dp(x,) is injective on T for
every x € K. Then

up 1s eract at v <= Hp(x) = B. (M=)

Consequently, with Hxg = {Hp(x) : v € K},
Hil, Hi CB,

D,K;1p) =
Exact ( 5) {—i—oo, otherwise.

Proof. Theorem 5.16 gives Hp(x) € B. If v € B\ Hp(x), its successor lies in Ep(x)
and injectivity makes its fiber the singleton {v}, contradicting the fiber condition. Hence
exactness implies B = Hp(z).

Conversely, suppose B = Hp(x). For every y € Ep(x), choose v € ®,(y), which is
possible because y € Post(z). Since dp(x,v) =y € Q, the event  is either uncontrollable or
a nonhazardous controllable event. Thus v ¢ Hp(x) = B, so every viable fiber retains an
enabled event. Theorem 5.16 therefore makes ug exact at x.

Moreover, Hp(x) is a mask in the sense of Definition 5.15 for every z € K: the nonempty
set Ep(x) has an event generator outside Hp(x). Exact feasibility therefore reduces to
membership of each represented hazard set in the declared library, and exact supports are
the disjoint hazard-set classes. O

Theorem 5.19 (Arbitrary supports beyond successor injectivity). Let K be finite and
nonempty and let S1,...,S8, C K, m > 1. There is a total deterministic plant with state
set X = K U{L}, target D = K, viability kernel Qp = K, one uncontrollable event, and m
global masks such that

KSafe _ KExactIB = Sj (1 <j< ’ITL)

up;, I up;,

10
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Every controllable event at x € K can be chosen to have successor either x or L, and
every mask retains only the uncontrollable event and one controllable event. If J; S; = K,
successor injectivity fails at every state of K.

Proof. Take I'ye = {7} and I'c = {e1,...,en}. Let every event self-loop at L, and for x € K
set

z, x€S8j,

1, =¢85,

The uncontrollable self-loop gives Qp = K and Ep(z) = {«}. Use B; =T.\ {e;}. The
retained postset is {} on S; and {z, L} outside S}, so both supports are exactly S;. If the
family covers K, some retained controllable event duplicates the uncontrollable self-loop at

5P($77-) =, 5P(xvej):

every implementation state. O
Event-effect regime Local exact-mask condition Exact-support consequence
Successor-injective B = Hp(x) Exact supports are disjoint hazard classes;

the feasible optimum is the number of
distinct represented hazard sets.

Duplicate effects Hp(z) C B and every viable Arbitrary finite exact-support systems are
allowed effect fiber retains an event realizable; exact repertoire minimization is
NP-hard.

TABLE 1. Exact-support boundary for total deterministic global masks with
viable uncontrollable transitions.

Global disable patterns retaining every uncontrollable event are standard in supervisory
control (Ramadge and Wonham, 1987; Wonham and Ramadge, 1987). Table 1 summarizes
the structural distinction: successor injectivity rigidifies exact supports, while duplicate
effects permit arbitrary exact-support geometry. (In the tool-gating reading, duplicate effects
arise when distinct tools can produce the same state — e.g. two retrieval tools returning
the same result — which is the regime where exact repertoire minimization becomes hard.)
Safety does not collapse under successor injectivity: its supports remain the containment
sets in (MS), and the next section shows that safety remains a general covering problem
even on the successor-injective side.

5.3. Optimization and the Set Cover boundary. Throughout this subsection, the
finite plant, action postsets, and mask library are given explicitly. Once the supports in
Definition 5.8 are formed, equation (C) is a Set Cover instance. Theorem 5.19 embeds
arbitrary support systems into noninjective masks. The following construction gives the
complementary safety result under successor-injective effects.

Proposition 5.20 (Successor-injective realization of safe Set Cover). Let V be finite and
nonempty and let Fy, ..., Fy, CV cover V. There is a total deterministic global-mask instance
with one uncontrollable event, successor-injective event effects at every implementation state,

and masks By, ..., By, such that, for a padding set W contained in every safe support,
KX, —FUuW  (1<j<m).

up;In

Hence the minimum safe repertoire equals the Set Cover optimum of (V,{Fj}7L;).

11
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Proof. Let Tye = {7}, Te ={g1,-- -, 9m}, W ={po,p1,--.,pm}, and O = {o1,...,0n}, with
all sets disjoint. Put X =V UWUO, D =K =V UW, and define, for x € V,

pj, € Fj,
dp(x,T) = po, op(z,g;) = { ! !
Oj, a?ifFj.

For p; € W, set 6p(pi, 7) = po and dp(p;, g;) = pj; complete the transitions on O arbitrarily.
At every state of K, the m + 1 events have distinct successors. Since 7 reaches pg from V'
and all transitions from W remain in W, Qp = K and (UQ) holds. The hazards are

Hp(z) ={gj:x ¢ F;} (x€V),  Hplp)=2.
Use B; =T':\ {gj}. By (MC), B; is safe at € V exactly when g; ¢ Hp(z), equivalently
€ I}, and it is safe at every padding state. Thus its support is F; U W. Because every

chosen mask covers all of W, covering K is equivalent, with identical cardinality, to covering
V by the Fj. O

Corollary 5.21 (Injective safe-mask hardness). The threshold problem qsafe(D, K;Zg) < k is
NP-complete even for total deterministic global masks satisfying (UQ), successor injectivity on
K, and the restriction that every mask retains one uncontrollable and exactly one controllable
event.

Proof. Membership in NP follows by checking at most k masks against all states. Proposi-
tion 5.20 is an optimum-preserving polynomial reduction from Set Cover (Karp, 1972). O

Example 5.22 (Successor injectivity does not simplify safety). Let 'y, = &, so (UQ)
holds automatically, and let T'. = {a,b, ¢} and K = {x1, 22,23}, with hazards {a}, {b}, and
{c}, respectively. Take the two-mask library By = {a,b} and By = {b,c}. The support
calculation is

state ‘ Hp(x) ‘ safe masks ‘ exact masks under successor injectivity

T {a} By 7
xo {b} Bl, By %)
T3 {C} BQ %)

Thus ngfle = {x1, 22} and KS;‘C: = {x2, 23}, 850 gsafe = 2. Corollary 5.18 requires B = Hp(z)
for exactness, and neither library mask equals a local hazard set; hence ggyact = +00.
One realization takes X = K U{L}, D = K, and

(6p(z1,a),0p(x1,b),dp(x1,¢)) = (L, 21, 22),
(6p(z2,a),0p(x2,b),dp(x2,¢)) = (22, L, x3),
(0p(x3,a),0p(x3,b),0p(x3,¢)) = (23,21, L),

with every event self-looping at L. The stated hazards follow, and the effects are successor-

injective on K. Such effects simplify exact but not safe minimization: exact supports are
disjoint hazard classes, whereas the safe supports overlap as above.

For either objective, an exact optimum is given by the standard binary Set Cover
formulation

min »  z, subject to Y =1 (zeK), z, € {0,1}.

uelU u:.Z’EK:”I

Infeasibility corresponds to +oc.

12
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Corollary 5.23 (Support-cover complexity across the event-effect boundary). Under this
explicit-table encoding, both threshold problems gsafe < k and qegact < k are NP-complete in
general. More specifically:

(i) under successor-injective global masks satisfying (UQ), the exact optimum is computable
in polynomial time by Corollary 5.18, while the safe threshold problem remains NP-
complete by Corollary 5.21;

(ii) without successor injectivity, both threshold problems are NP-complete even when D =
K = Qp, Ep(x) = {z}, one uncontrollable event self-loops on K, each controllable
event has successor in {x, L}, and each mask retains that uncontrollable event and one
controllable event;

(iii) on feasible instances, greedy support cover is an H g < 1+ In|K| approzimation. In
the noninjective family of Theorem 5.19, for every fized 0 < € < 1, neither objective
admits a polynomial-time (1 — ¢) In | K| approzimation unless P = NP.

Proof. General NP membership is immediate from explicit support checking. Part (i)
combines Corollaries 5.18 and 5.21. For part (ii), apply Theorem 5.19 to a Set Cover instance
(V,{F;}) with K =V and S; = Fj; safe and exact supports both equal F}, preserving the
optimum. Part (iii) transfers the classical greedy bound (Chvatal, 1979) and the (1 —¢)Ilnn
hardness threshold (Moshkovitz, 2015; Dinur and Steurer, 2014), with n = |K]. O

Procedure 5.24 (Finite fixed-interface support-cover reduction and solution). The input
consists of explicit plant and action tables, an objective x € {Safe, Exact}, and either an initial
set S or a declared domain K. The output is an optimum value and witness when an exact
Set Cover or integer-programming solver is used, or a greedy witness and bound otherwise.
When S and the safety objective are supplied, the output is the uniform comparator on
Reachp(S), not the minimum repertoire for safety from S alone.

(1) Compute the viability kernel Qp by repeatedly deleting x € @ with Post(z) N Q = &,
starting from Q < D.

(2) Set Ep(z) = Post(x) N Q for z € Q.

(3) If S is supplied, reject the instance when S = @. If S ¢ @, return +oo; otherwise
set K = Reachp(S). If K is supplied, reject the instance unless it is a nonempty
target-closed subset of Q.

(4) Form the requested supports by testing Post, (z) C @ and Post, (z) = Ep(x) for every
x € K and u € U. If some state has no locally admissible action, return 4oco.

(5) For a pointwise nested interface, return (1,{u;}) for safety. For exactness, form the
intervals I, and apply the right-endpoint algorithm.

(6) For a global mask interface, first test (UQ); if it fails, return 4+o00. For exactness with
successor-injective effects, return 4+oo unless Hx C B, and otherwise select the masks
in Hx. Without successor injectivity, form exact supports using (MF=). For safety,
form the containment supports in (MS), regardless of successor injectivity.

(7) Pass the remaining support cover to an exact Set Cover or integer-programming
solver using the binary formulation above, or apply greedy Set Cover for the stated
approximation guarantee.

The viability, support-formation, nested, and successor-injective exact-mask branches are
polynomial in the explicit table size; every remaining branch exposes a Set Cover instance.

13
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Under successor-injective effects, represented hazard sets determine exact feasibility, while
duplicate effects restore arbitrary exact-support geometry.

5.4. Tight separations under restricted interfaces.
Theorem 5.25 (Restricted-interface safety—exactness gap). If qexact(D, K;Z) < +o00, then
1 < gsate(D, K;T) < gexact(D, K T) < |K|.
For every n > 2, the upper separation
safe(D, KGT) =1, Gexact(D,K3I)=n,  |K|=n,
with every nonempty exact support of cardinality one, occurs in both:

(a) a pointwise nested interface generated by prefizes of deterministic successor channels;
(b) a successor-injective global-mask interface retaining every uncontrollable event, with one
all-controllable-disable mask and n masks that each disable one controllable event.

Proof. Every exact support is contained in the corresponding safe support. Local feasibility
and the choice of at most one witness action per state give the remaining universal bounds.

For (a), let K = D = {x1,...,2,} and X = K U{L}. Define channels

Ly, .] < /i7
aj(x;) = a;j(l)=_L.
@)= S )
Set Post(z) = {aj(z) : 1 <j < n} and Posty,, (z) = {a;(x) : 1 < j <t}. Then Qp = K and
Ep(z;) = {x1,...,z;}. At x;, u; is a strict safe under-approximation for ¢ < i, exact for
t =i, and unsafe for ¢ > i. Thus K% = {x;}, while u, is safe on all of K.
For (b), again take K = D = {z1,...,2,}, X = KU{Ll}, T'ye = {7}, and T'. =
{a1,...,an}. Set
op(wi, m) = @, op(wi,a;) = L, op(wi, a;) = x; (j # 1),
and self-loop every event at L. Effects are successor-injective on K, Qp = K, Ep(x;) = K,

and Hp(x;) = {a;}. Use the library {T'c,{a1},...,{an}}. The all-controllable-disable mask
I'. is safe everywhere, while Corollary 5.18 makes {a;} exact only at z;. O

The two constructions show that polynomial-time optimization does not imply a small
exact repertoire.

5.5. Why invariant, equality, and control covers are not interchangeable. The
three cover notions use similar language but optimize different objects. A horizon-one
invariant-cover cell needs one action whose image remains in K. An equality-support cell
requires literal equality with E'p. A supervisory control cover groups supervisor states that
are control compatible and event-successor consistent, and its cardinality is the number of
states in an induced reduced supervisor (Vaz and Wonham, 1986; Su and Wonham, 2004,
2018).

For the next proposition, use the Su—Wonham convention. At supervisor state z, let
E(z) be enabled events, D(z) plant-feasible disabled events, M(z) the supervisor marking
indicator, and let T'(z) = 1 exactly when some string that reaches z in the supervisor also
reaches a marked state in the plant. Two states are control compatible when

E)ND()=E()ND(z) =2, T(z)=T()= M(z) = M(%).
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A control cover may overlap, but every cell contains pairwise compatible states and, for each
event, all defined successor states from that cell must lie in one successor cell. Let re.(G, S)
be its minimum size.

Proposition 5.26 (Cover objectives retain different information). (i) For everyn > 2, a
fized-interface instance has

Tinv(K§I) = QSafe(DaK;I) =1, QExact<DaK;I> =n.

The instance may be chosen from either family in Theorem 5.25.

(ii) There is a deterministic one-event plant-supervisor pair (G, S) with re.(G,S) = 3 such
that, after erasing event labels and marking, its unlabelled transition graph viewed as a
one-action equality-support instance has qexact = 1.

Proof. Part (i) combines Theorems 5.10 and 5.25.

For (ii), let zo 5 21 5 29 B 2 be both the plant and supervisor transition cycle, with
a observable and uncontrollable. Mark every plant state but only zg, z; in the supervisor.
Because every plant state is marked, T'(z;) = 1 for i = 0, 1,2, whereas M(z9) = M(z1) =1
and M (z2) = 0. There is no enabling-disabling conflict, but the marking condition prevents
zo from sharing a cell with either marked state. Although zy and z; are control compatible,
they cannot share a control-cover cell: their a-successors are z; and 29, which would have to
belong to one successor cell despite being incompatible. Hence every cell is a singleton and
Tee = 3.

After erasing the event label and marking, take D = K = {2, z1, 22} and one action u
with Posty(2;) = {2i+1 mod 3} = Ep(2;). Its exact support is all of K, S0 gexact = 1. O

Part (i) shows that replacing equality by invariance changes the local predicate and
optimization problem. Part (ii) shows that the equality-support cardinality of the unlabelled
successor system does not determine the control-cover cardinality of the original marked,
event-labelled supervisor. Control covers retain compatibility and successor-cell information
that the equality-support instance intentionally discards.

6. RELATED WORK AND SCOPE

Safety as topological closedness and prefix-detectable violation is classical (Alpern and
Schneider, 1985, 1987). Truncation monitors, edit automata, suppression monitors, shields,
and modern safety filters grant different intervention powers and generally do not induce
the same outcome sets (Schneider, 2000; Ligatti et al., 2005; Bloem et al., 2015; Hsu et al.,
2024). The arbitrary successor-subset mediator in Sections 2—4 is only the semantic baseline;
the optimization begins after a fixed action library is declared. Runtime guardrails for Al
agents that select among predeclared tool-permission profiles are a natural instance of this
fixed-interface setting, and inherit the support-cover classification unchanged.

State-partition-based supervisory control restricts a supervisor to the original automaton
states or reachable Petri-net markings and separates legal from illegal states, enabling
legal-to-legal transitions and disabling legal-to-illegal transitions (Butez et al., 2014). That
work synthesizes safe, nonblocking state-based supervisors. Here Ep is fixed first, each
library element is a predeclared global postset map, and the objective counts how many
such maps are selected on a declared plant-state domain.
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Ramadge—Wonham supervisory control supplies the standard semantics of control patterns
that retain uncontrollable events (Ramadge and Wonham, 1987; Wonham and Ramadge,
1987). Supervisor reduction minimizes a behavior-preserving quotient subject to control
compatibility and transition consistency (Vaz and Wonham, 1986; Su and Wonham, 2004,
2018). Equality-support optimization constructs no quotient automaton and does not
count supervisor states. Bisimilarity-enforcing supervisory control is closer to branching
preservation, but it synthesizes supervisors under a behavioral-equivalence objective rather
than compressing a fixed identity-state successor relation through a predeclared library
(Takai, 2019).

Permissive strategies and control envelopes represent sets of winning or safe choices (Bernet
et al., 2002; Anand et al., 2023; Kabra et al., 2024, 2026). Those frameworks synthesize a
family of admissible choices relative to a game or control objective. Here the target relation
Ep is fixed before compression, every action is a predeclared global postset map, and the
objective counts selected maps. The comparison is between synthesis of a permissive policy
representation and compression of an already fixed exact successor relation.

Horizon-one safe supports coincide with a finite invariant-cover comparator, whereas
dynamic information-rate notions such as invariance entropy measure different resources
(Colonius and Kawan, 2009; Gao et al., 2021). The equality-support objective changes the
local predicate from inclusion to literal equality, which is why Theorem 5.25 separates the two
cardinalities on the same plant, domain, and library. A control cover additionally preserves
event-labelled successor-cell consistency and marking compatibility; Proposition 5.26 shows
that these data are not recoverable from equality-support cardinality alone.

For pointwise nested interfaces, the derivation of exact-action intervals is model specific;
the interval transversal min—max theorem and greedy algorithm are classical (Hajnal and
Surdnyi, 1958). The common action order is strong, but it isolates a useful phenomenon: a
globally ordered library may still require one exact action per state while safety collapses to
the least action.

The exactness notion is equality of state-run branch sets and intentionally quotients
events with the same successor. Theorem 5.19 would not by itself preserve event-labelled
traces, event multiplicity, or stronger event-sensitive branching semantics. The finite theory
assumes a target-closed domain, explicit tables, and memoryless selection from a fixed library;
the mask results additionally assume viable uncontrollable transitions and the totality of
Definition 5.15, under which every event is available at every state and is removed only by
an explicit mask.

Totality is a modelling choice matched to the intended regime rather than a technical
artifact: in both the firmware-interlock and tool-gating instances the interface exposes a
full command or tool surface, and unavailability at a state is expressed through the selected
disable pattern rather than by the event being physically absent. Partial event availability,
meaning that some commands are absent at some states independently of any mask, lies
outside the present model, although the pointwise effect-fiber equivalence extends directly by
restricting hazards and fibers to the events available at the state, requiring every available
uncontrollable event to be viable, and retaining at least one available, non-disabled event
in every viable successor fiber. What is not developed here is the support geometry and
complexity induced by state-dependent availability; guards, costs, compositional constraints,
and observation restrictions may likewise produce intermediate support classes.
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Finally, gsafe and gexact are library-relative selected-action counts, not intrinsic sensor,
memory, communication, or information lower bounds. Successor-injective effects make
exact-mask minimization tractable, duplicate effects encode arbitrary Set Cover instances,
and safe minimization remains NP-hard even under successor injectivity.

7. CONCLUSION

Exact branch-set preservation through a fixed interface becomes a local equality require-
ment between selected and viable successor sets. The interface-induced support geometry
is decisive: pointwise nesting yields exact-action intervals; successor-injective mask effects
collapse exact supports to hazard classes while safe supports remain overlapping and NP-hard
to minimize; duplicate effects recover arbitrary support systems. Both restricted families
attain the maximal separation among instances with finite ¢gyact, namely ¢safe = 1 and

JExact — |K’
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